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Let M be a smooth manifold, smoothly triangulated by a simplicial
complex K , and A a transitive Lie algebroid on M.
◮ Since A is transitive, the Lie algebroid restriction A!!∆ exists
for each simplex ∆ ∈ K .
◮ If ∆ and ∆′ are two simplices of K and ∆′ is face of ∆ then
(
A!!∆
)!!
∆′
= A!!∆′
and so the family (A∆)∆∈K is a complex of transitive Lie
algebroids on K .
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◮ Definition - piecewise smooth forms. Let M be a smooth
manifold, smoothly triangulated by a simplicial complex K ,
and A a transitive Lie algebroid on K . A piecewise smooth
form of degree p (p ≥ 0) on A is a family (ω∆)∆∈K of
smooth forms, each form ω∆ defined on A
!!
∆, which are
compatible under restrictions of A to faces of simplices of K ,
that is, for each ∆, ∆′ ∈ K , with ∆′ face of ∆,
(ω∆)
!!
/∆′ = ω∆′
◮ Ω∗(A;K ) denotes the commutative cochain algebra of all
piecewise smooth forms on A, which is defined over R. The
cohomology space of this complex will be denoted by
H∗(A;K ).
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Mishchenko-Oliveira theorem. Let M be a smooth manifold,
smoothly triangulated by a simplicial complex K , and A a
transitive Lie algebroid on K . The map
r : Ω∗(A;M) −→ Ω∗(A;K )
given by
r(ω) = (ω!!∆)∆∈K
induces an isomorphism in cohomology.
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Some references.
◮ Hassler Whitney - Geometric Integration Theory, chapter VII
(Princeton University Press, 1957).
◮ Dennis Sullivan - Infinitesimal computations in topology,
chapter 7 (Publ. I.H.E.S. 47 (1977) 269-331).
◮ Kirill Mackenzie - General Theory of Lie Groupoids and Lie
Algebroids (London Mathematical Society Lecture Note Series
213, Cambridge U. Press, 2005).
◮ Jan Kubarski - The Chern-Weil homomorphism of regular Lie
algebroids (Publ. Dep. Math. University of Lyon 1, 1991).
Jose M. R. Oliveira On piecewise smooth cohomology of locally trivial Lie groupoids
Introduction
Lie groupoids - introduction
de Rham cohomology of Lie groupoids
Piecewise de Rham cohomology of Lie groupoids
Restrictions of Lie groupoids
Restrictions of Lie groupoids
Lie algebroid of a Lie groupoid
Let M be a smooth manifold and G a Lie groupoid on M with
source projection α : G −→ M and target projection β : G −→ M.
Denote by 1 : M −→ G the object inclusion map of G and
Gx = α
−1(x) the α-fibre of G in x , for each x ∈ M. The Lie
algebroid of G is (A(G ), [·, ·], γ), in which
◮ A(G ) =
⊔
x∈M T1xGx (disjoint union).
◮ The anchor γ : A(G ) −→ TM is defined by γ(a) = Dβ1x (a).
◮ The Lie bracket is defined by [ξ, η] = [ξ′, η′]G , where ξ
′
o and
η′o denote the unique α-right-invariant vector fields on G such
that ξ′1x = ξx and η
′
1x = ηx , ∀x ∈ M (see Kubarski’s paper).
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Locally trivial Lie groupoids
Let M be a smooth manifold and G a Lie groupoid on M with
source projection α : G −→ M and target projection β : G −→ M.
Definition.
◮ The anchor of G is the map (β, α) : G −→ M ×M.
◮ G is called locally trivial if its anchor (β, α) : G −→ M ×M is
a surjective submersion.
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Proposition. Let G be a Lie groupoid on a smooth manifold M
with source projection α : G −→ M and target projection
β : G −→ M.
◮ If G is locally trivial then A(G ) is transitive Lie algebroid (see
Mackenzie’s book).
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Transversal submanifolds
Definition. Let M be a smooth manifold and G a Lie groupoid on
M with source projection α : G −→ M and target projection
β : G −→ M. Let N be a submanifold of M.
◮ The vertex group of G at N is the set
GNN := α
−1(N) ∩ β−1(N)
◮ The submanifold N is called transversal to G if the anchor
(β, α) : G −→ M ×M and the map i × i : N × N −→ M ×M
are transversal.
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Proposition. Let M be a smooth manifold and G a Lie groupoid
on M with source projection α : G −→ M and target projection
β : G −→ M.
◮ If a submanifold N of M is transversal to the Lie groupoid G ,
then the vertex GNN of G at N is a Lie subgroupoid of G with
base N and GNN is called the Lie groupoid restriction of G to
N.
◮ If G is locally trivial then
A(GNN ) = (A(G ))
!!
∆
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Proposition. Let M be a smooth manifold, smoothly triangulated
by simplicial complex K , and G a Lie groupoid on M with source
projection α : G −→ M and target projection β : G −→ M.
◮ Each simplex ∆ ∈ K is transversal to G . Consequently,
A(G∆∆ ) ≃ A(G )
!!
∆.
◮ The family {A(G∆∆ )}∆∈K is a complex of Lie algebroids on M.
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Let G be a Lie groupoid on M with source projection α : G −→ M
and target projection β : G −→ M.
◮ α is a surjective submersion and so α induces a foliation F on
G . TF denotes the tangent bundle of F .
◮ A smooth α-form of degree p on the Lie groupoid G is a
smooth section of the exterior vector bundle
∧p(T ∗F ;RM) in
which RM = M × R denotes the trivial vector bundle on M.
Then, a smooth form is a family ω = (ωg )g∈G defined on G
such that, for each g ∈ G , one has
ωg ∈ Λ
p
( ⊔
g∈G
T ∗gGα(g);R
)
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Smooth forms on Lie groupoids
◮ The set Ω∗α(G ) of all smooth α forms is a commutative
cochain algebra defined over R.
◮ The set Ωpα,L(G ) consisting of all α-forms on G which are
invariant under the groupoid left translations is a cochain
subalgebra of (Ω∗α(G ), d
∗
α). Its cohomology is denoted by
H∗α,L(G ).
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Proposition. There is an isomorphism
ψ : Ω∗α,L(G ) −→ Ω
∗(A(G ))
of cochain algebras defined by ψ(ω)x = ω1x . Consequently,
H∗α,L(G ) ≃ H
∗(A(G ))
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Formulation of the problem
Let M be a smooth manifold, smoothly triangulated by a simplicial
complex K , and G a locally trivial Lie groupoid on M with source
projection α : G −→ M and target projection β : G −→ M. For
each simplex ∆ ∈ K , the Lie algebroid A(G∆∆ ) is transitive and
A(G∆∆ ) = (A(G ))
!!
∆. Therefore, we can consider the complex of
Lie algebroids {A(G∆∆ )}∆∈K . Similarly to piecewise smooth forms
on Lie algebroids, we give now the notion of piecewise smooth
form on G .
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Formulation of the problem - Continued
Definition. A piecewise smooth α-form of degree p (p ≥ 0) on G
is a family (ω∆)∆∈K such that the following conditions are
satisfied.
◮ For each ∆ ∈ K , ω∆ ∈ Ω
p
α,L(G
∆
∆ ) α-smooth form of degree p
on G∆∆ .
◮ If ∆ and ∆′ are two simplices of K such that ∆′ ≺ ∆, one
has (ω∆)/∆′ = ω∆′ .
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Formulation of the problem - Continued
The C∞(G )-module Ω∗α,L,ps(G ) of all piecewise α-smooth forms of
degree p on G is a commutative differential graded algebra defined
over R. The cohomology space of this complex will be denoted by
H∗α,L,ps(G ).
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Formulation of the problem - Continued
Our aim is to relate:
◮ The cohomology space H∗α,L,ps(G ) of G to the cohomology
space H∗ps(A(G )) of its Lie algebroid A(G ).
◮ The cohomology space H∗α,L(G ) to the cohomology space
H∗α,L,ps(G ).
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Main result. Let M be a smooth manifold, smoothly triangulated
by a simplicial complex K , and G a locally trivial Lie groupoid on
M with source projection α : G −→ M and target projection
β : G −→ M. Then,
◮ H∗α,L,ps(G ) ≃ H
∗
ps(A(G )).
◮ H∗α,L(G ) ≃ H
∗
α,L,ps(G ).
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Main result - Proof
The first result holds because we can define a map
ψ : Ω∗α,L,ps(G ) −→ Ω
∗
ps(A(G ))
by the condition of ψ∆ : Ω
p
α,L(G
∆
∆ ) −→ Ω
p(A(G∆∆ )) to be an
isomorphism for each simplex ∆ ∈ K .
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Main result - Proof
The second result holds because the following diagram
Ω∗α,L(G )
rG

iso
// Ω∗(A;M)
rA

Ω∗α,L,ps(G )
iso
// Ω∗ps(A;K )
is commutative, where rA is the restriction map given at
Mishchenko-Oliveira’s theorem. By this theorem, the map rA is an
isomorphism in cohomology and so the proof is done.
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Main result
Corollary. Our last proposition says that the piecewise de Rham
cohomology of a locally trivial Lie groupoid over a combinatorial
manifold doesn’t depend on the triangulation of the base.
Precisely, let M be a smooth manifold smoothly triangulated by a
simplicial complex K and L other simplicial complex which a
subdivision of K . Let G be a locally trivial Lie groupoid on M.
Then, the piecewise de Rham cohomology of G obtained by the
combinatorial manifold (M,K ) is isomorphic to the the piecewise
de Rham cohomology of G obtained by the combinatorial manifold
(M, L). Thus, this isomorphism is induced by the restriction map.
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